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creates beneficial alleles at k0 sites.

Selection and recombination amplify and combine them.

Problem is reduced to the random mutant loci problem by modifying R(k , t).

Result has an independent-loci form with modified selection coefficient:
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where p(N, r, s) is found for random loci (above).
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Background. We investigate mathematically the accumulation of beneficial mutations in a population
of N genomes comprising many linked sites. The factors included in the model are mutation described
by the rate per site µ , selection with the coefficient s, and weak recombination with the rate per
genome r, r << s. The aim of the work is to describe the decrease in the virus evolution rate when HIV
population is depleted by multiple antiretroviral drugs or multi-epitope vaccines, and the recombina-
tion rate is small .

Methods. To describe multi-locus evolution, we generalized the analytic method we developed recently
for an asexual population to the case with recombination. Just as for the asexual case, we found that
the distribution of genomes over the mutant allele number moves in time as a “solitary wave” that is
quasi-deterministic in the middle but has a stochastic edge on the high-fitness side that has to be
treated by a separate method. We derived general expressions for the shape and the speed of the wave
(accumulation rate) in terms of the model parameters. We verified the accuracy of the results both
analytically and by Monte-Carlo simulation.

Results.We investigated the case when, initially, positions of mutant loci in genomes are random,
and the opposite case when an initial population represents a clone (in both the deterministic
limit, µN >> 1, and the stochastic limit, µN << 1). In all the cases, we arrived at expressions for the
accumulation rate predicted by the independent-locus model (no linkage), in which parameters
N and µ are the same, but selection coefficient s is replaced by an effective value seff depending
on N, r, and s. The results predict the existence of a critical point in the population size, Nc ~ 1/r,
where the speed and the dominant factors of evolution change sharply. Above the critical size, N > Nc,
the effective selection coefficient is on the order of s (the limit of large r). The accumulation rate is
dominated by highly-fit recombinants and on the order of the independent-locus rate. Below the crit-
ical size and in the absence of mutation, seff (and the accumulation rate) are zero regardless of ini-
tial conditions. When back mutation is taken into account, the accumulation rate at N < Nc is close
to a relatively small value predicted for an asexual population. The entire population, in this
interval of N, eventually becomes a quasi-clone, and the few differences between positions of
deleterious alleles in individual genomes make recombination inefficient.

Conclusions. Our results predict that the accelerating effect of even very infrequent recombina-
tion on virus evolution is surprisingly strong. However, the effect can be eliminated by depletion
of virus below a threshold. These theoretical findings are crucial for understanding and controlling
evolution of virus resistance to replication inhibitors and vaccines.
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Deterministic equation for the average frequency of genomes with k mutant loci f (k ,t):
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where s is selection coefficient, r is recombination parameter.

For random mutant loci positions in genomes:

Solitary wave solution at large t and r << s:

f (k , t)

(x)

x0
2 =

where

Two equations for x0
2 and p yield

p ≈ ln(Nr)

ln(Ns2 /r)
, 1/ N << r << s

If r(N) = N/ N0 (dilute infected cells):

p ≈
ln(N / N0 )

ln(s N0 )
, ln N0 < lnN< ln(sN0 )

Generation rate of clones at the edge passing bottleneck

G ∼ (NSr∆)R(k+ x0 ) ∼ Nsr k e
− x0

2
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S = s| x0 |, ∆ ∼ k / x0 (see figure)

Generation time G−1 is equal to the time the wave moves by distance ∆:

G−1 = ∆ / V

whence

x0
2 ≈ k (1+ p)ln(Nr/p)

1. We obtained an accurate analytic prediction for the accu-
mulation rate of beneficial mutations.

2. At different initial conditions and in different intervals of
population size N, the rate is given by its independent-locus
expressions, with the selection coefficient replaced by an
effective value depending on the original selection coefficient
per locus s, the population size, and the recombination param-
eter r.

3. The effective selection coefficient is smaller than s due to
linkage between sites.

4. In a broad range of parameter values, the accumulation rate
is on the order of the rate in the independent-loci case and
much higher than in an asexual population.

5. The strong effect of recombination on the evolution rate
exists even at very small r << 1, provided N >> 1/r.

6. Recombination is not efficient below a critical population
size, Nc ∼ 1/r, when a population becomes a quasi-clone.

7. We predict that, to slow down significantly emergence of
drug- or vaccine-resistant HIV variants, it suffices to deplete
the virus below a finite threshold.
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Abstract General approach for
randomized alleles

Results for evolution rate

Initial population is a clone

Small N:
population becomes a clone

Monte-Carlo simulation: N=106

Monte-Carlo simulation: N=103

Evolution rate:
simulation vs. analysis

Low virus load: r=N/N0

Conclusions


